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Mission Statement
The Haverford School’s Math Journal is designed to enhance the 

interests, talents, and achievements of all individuals in the 
mathematical sciences, and provide the opportunity to promote the 
work of those most passionate about the discipline. The articles were 
written by members of the Haverford community and edited by our 
staff.  We hope that reading these articles will inspire others to explore 

the fascinating realm of mathematics.                                                                          

Carl Friedrich Gauss  (1777-1855)
Featured Mathematician:

Johann Carl Friedrich Gauss was a German 
mathematician who contributed significantly 
to many fields, including number theory, al-
gebra, statistics, analysis, differential geome-
try, geodesy, geophysics, mechanics, electro-
statics, astronomy, matrix theory, and optics.

Sometimes referred to as the “greatest math-
ematician since antiquity,” Gauss had an ex-
ceptional influence in many fields of math-
ematics and science and is ranked as one of 
history’s most influential mathematicians. 
And Guass had been a great mathemati-
cian since youth. In fact, one day his teach-
er gave the class an assignment to sum all of 
the numbers from 1-100. He expected the 
problem he assigned would keep most of us 
busy for at least a half an hour, if not more. 
However, to his teacher’s surprise, young Mr. 
Gauss solved it in seconds. And he would 
continue to impress thousands of other peo-
ple throughout all of his life.
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The Golden Ratio
Robert Chen

Form V

The golden ratio, also known as the divine ratio, the golden mean, or the golden section, is a “number often 
encountered when taking the ratios of distances in simple geometric figures,” represented by the Greek letter 
phi (   ). Roughly equal to 1.618, the golden ratio and the number    share one defining feature: they are both 
irrational numbers, meaning they extend for an infinite number of digits.   represents the ratio of x over y 
such that x/y=y/z, where x > y > z. Interestingly, this ratio appears throughout nature: in plants, animals, the 
solar system, and the most desirable proportions on the human face. Mathematically, it has a few interesting 
quirks as well.     is the only number whose square is greater than the number by one; conversely, it is the only 
number whose reciprocal is less than itself by one. The golden ratio can be found the further one peers into 
the diagonals of Pascal’s Triangle and can be calculated by dividing the next number in Pascal’s triangle by 
the previous number. 

The golden ratio has a special place in architecture, beginning with the ancient Greeks and Egyptians. Ar-
chaeologists have uncovered usage of the golden ratio in the The Great Pyramid of Egypt through its base, 
height, and hypotenuse (however, the structure is missing an outer shell and    is not mentioned in any Egyp-
tian writings, so it is unknown whether the Egyptians knew and applied the golden ratio).   The Greeks used      
   to build the Parthenon, most notably in designing the beams on the columns. It is now used in modern 
architecture and design, such as in the Notre Dame, the UN Headquarters Secretariat Building, the CN tower 
in Toronto, and even in logos for visual appeal.

Other than design and visual appeal, the golden ratio finds additional use in music. Certain chords exhibit 
this ratio, such as the three chord song in the key of A major, which is composed of the notes A, E, and D. 
Many musical instruments, such as the violin, are constructed with    in their designs. The design and dimen-
sions of the Stradivarius violin employ the golden ratio, playing a fundamental role in the acoustics of this 
treasured instrument. Finally, music compositions also utilize    by placing it in the piece where the climax 
occurs; for example, in a 32 bar song, the climax would occur at the 20th bar.
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“It is impossible to separate a cube into two cubes, or a fourth power into two fourth powers, or in general, any power 
higher than the second, into two like powers. I have discovered a truly marvelous proof of this, which this margin is 
too narrow to contain.”

                                ~Pierre de Fermat, 1637

Hidden in the margin of his copy of Arithmetica, Pierre de Fermat left a problem that would leave mathemati-
cians around the world scratching their heads for centuries. 

Fermat was born in France at the beginning of the 17th century. While Fermat is most known for his ground-
breaking mathematical discoveries, he studied for three years at the University of Orléans where he received his 
degree in law. As a practicing lawyer, Pierre de Fermat left his mathematical studies for his free time rather than 
his profession. Nonetheless, many astounding discoveries were found scrawled in his books. Upon discovering 
Fermat’s books, his true genius was finally revealed to the world; however, Pierre de Fermat’s disorganized nature 
left many of his breakthroughs incomplete. Accompanying many of his problems were notes reading “I can prove 
this but I must feed my cat” or “I can solve this but I need to wash my hair.” Although Fermat rarely completed his 
problems or proofs, mathematicians around the world were gradually able to knock out each one--that was until 
they attempted this monster of a problem: 

Who would have thought that just a slight alteration of Pythagoras’ famous theorem would take more than 300 
years to prove? The fact that a2 + b2 = c2 has an infinite number of solutions made Fermat’s claim – there are infinite 
number of problems structured in this way with no solutions – all the more puzzling. This enigma especially in-
trigued a ten year old Andrew Wiles upon discovering The Last Problem by E.T. Bell. Young and Ambitious, Wiles 
decided that he would finally be the one to discover the proof for this great problem. Throughout his grade school 
and college career, Fermat’s Last Theorem all but obsessed him. Wiles constantly talked with his professors about 
the problem and even once he earned his PhD he let this problem consume him. Finally, in his late thirties, when 
the odds of discovering the proof were dwindling, the Taniyama-Shimura Conjecture was released to the world. 
While extremely complex in and of itself and unlikely to prove, the Taniyama-Shimura Conjecture shared some 
clear links with Fermat’s Last Theorem. It became apparent to world of mathematics, and especially Andrew Wiles, 
that if the proof for the Taniyama-Shimura Conjecture could be found, then so also Fermat’s Last Theorem. Wiles 
deemed the conjecture worth a shot; however, due to the radicalness of the problem, he worked in complete secre-
cy. After seven years of nonstop labor, Wiles discovered the proof for the Taniyama-Shimura Conjecture which, of 
course, meant that he also had Fermat’s Last Theorem. Shortly after, he presented it to his associates at Cambridge, 
published it, and became famous around the world. While his glamour was at its peak and his life goal seemed 
complete, things took a sudden turn for the worst when a flaw was discovered in his proof. Embarrassed by his 
mistake, Wiles quickly tried to correct his proof, however, as he got more and more into it, the more and more the 
proof came undone. Fortunately, Andrew Wiles corrected his 150 page proof in the span of one year and fulfilled 
his lifelong mission: Ending the terror of Fermat’s Last Theorem.

Fermat’s Last Theorem
Michael Fairorth

Form IV
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No matter where you look, almost all things that light up run some sort of software. Everything 
you use in your daily life from your fridge to your smartphone  has intelligent functions designed 
for your benefit. Things such as your fridge beeping when the door is left open or your laptop’s 
screen sleeping to save battery, all of these things are coded using math. A very easy to under-
stand language is C/C++, the language of Arduino. In simple if statements you can write things 
such as: 44

if (someVariable > 30) {
//do something
} 

This code simply says if a variable is greater than thirty, run this 
task. This could be applied to my previous example of a fridge 
door:

if (openDoorTime > 20) {
digitalWrite(9, HIGH);
} 

This simply means that if the door is open for more than twenty (a unit of time would be defined 
- in this case seconds) digitalwrite port nine high, which means turn on power to port nine of 
the Arduino. In port nine, you would plug in a buzzer so that  if the door is left open, the buzzer 
would go off. This is one of the most simple examples of a greater than or less than statement. 
Things such as your phone have intelligent features to make your experience as the user easier. 
iPhones have built in ambient light sensors which through a series of algorithms, establish a 
suitable screen brightness setting for your current location and changes the brightness to that 
determined setting. 

if (ambientLight > 600) {  //600 lumens, a unit of light
//Set screen brightness to desired percentage which makes it easier to see
}

This short segment of code is very similar to the previous one but shows how coding can be ap-
plied to many different situations. These basic tasks have been automated to allow time and room 
for additional improvements in the ever expanding fields of technology.
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Bram Schork 

Form I



Most high school students are already familiar with the Pythagorean theorem, 
a simple yet handy tool in geometry allowing anyone to find an unknown side 
of a right triangle given the lengths of the other two. Since right triangles can be 
found virtually everywhere, from large walls to the support beams under bridg-
es, this elegant equation finds use in many professions. However, most people 
do not know about the man behind the theorem: Pythagoras of Ionia. Alive 
during the 6th and 5th centuries BCE, not only was Pythagoras an esteemed 
mathematician, but also a philosopher and, among other things, the chief of a 
cult-like assembly known as the Pythagoreans. An odd group from the begin-
ning, the Pythagoreans held the radical view of the world as completely--albeit 
unrealistically--rational, and even sunk to murder when one man possessed 

evidence that could delegitimize their whole edifice.

The tenet widely accepted by Pythagoras’ fellow mathematicians was that algebra and geometry were inseparable 
studies that connected at the most basic level. Every number and operation paralleled a particular aspect of geom-
etry in very practical and pleasing ways. Numbers were considered one-dimensional lengths whose magnitudes 
could be added or subtracted with other “lengths.” To make things more interesting, these same lengths could also 
be added repeatedly, or multiplied, to incorporate extra spatial dimensions to these lengths; dividing the product 
of lengths would simply yield a quotient that contained less dimensions. In fact, nowadays western societies uses 
phrases like “squaring” (multiplying two times) and “cubing” (multiplying three times) to indicate multiplication 
because the ancient Greeks attributed area and volume of geometric shapes to arithmetic operations. 

To the Greeks, lines were to epitome of cosmic order. All lines were endowed with commensurability, the ability to 
be expressed as a whole number in one or more scales; in other words, all lengths in the world could be written as 
a ratio of two integers. For example, ⅓ of a yard represents a ratio of the integers 1 and 3; moreover, ⅓ yd can be 
scaled to feet as 1 foot (because 3 ft = 1 yd), which is a whole number.

The Pythagoreans, secluded in the School of Pythagoras, were so infatuated with this neat property that the math-
ematikoi (“teachers” in Greek) automatically concluded that the universe was built upon whole numbers, leaving 
little room for irrational numbers (which cannot be expressed in fraction form). The school deemed Pythagoras’ 
theorem as confirmation to their whole-number assumption since it offered an infallible method through which 
an unknown side length of a right triangle could be calculated through algebra, strengthening the link between the 
two elementary disciplines of math. However, the Pythagoreans were crushed shortly after one of their very own 
uncovered the most detrimental secret. 

Hippasus of Metapontum, founder of the mathematikoi sect, one day toyed with Pythagoras’ theorem to calculate 
the diagonal of a square. By definition, a square exhibits right interior angles and congruent sides, meaning that 
a square’s diagonal forms with isosceles right triangle with two adjacent sides. Hippasus sketched a square with 
side length 1 and calculated the diagonal length as √2. Subscribed to the whole-number outlook, he immediately 
assumed that √2 is a rational number because it clearly exists in the real world--inside a square. For fun, he sought 
to prove this suspicion, beginning the proof with the assumption “√2 is a rational number.” Let’s walk through the 
whole proof:

The Pythagoreans
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Allow the √2 to be a rational number.

Because √2 is rational, it can be expressed as a ratio of two integers. Allow the numerator to be an integer 
a and the denominator an integer b. Let the ratio of a and b be reduced to simplest terms (so that a and 

b have no common factors). Here is the equation:

1.) √2 = a/b

Square both sides of the equation above:

2.)  (√2)2 = (a/b)2

3.)  2 = a2/b2

Algebraically rearrange:

3.)  2 × b2 = a2

Algebraically rearrange again: 

4.) b2 = a2/2

Refer to equation #3: Because any number (in this case, b squared) multiplied by 2 is an even number, 
a squared must be an even number. Therefore, because the product of two even numbers is always even 
and the product of two odd numbers is always odd, a must also be even (Remember: a squared is just a 

multiplied by a).

Refer to equation #4: Because an even number (in this case, a squared) divided by 2 always equals an 
even number, b squared must also be an even number. By the same logic used to prove that a is even, b 

must be an even number as well. 

Now it has been shown that both a and b are both even. However, this must be impossible since, by defi-
nition, all even numbers must have 2 as a common factor (a.k.a be divisible by two), and it has already 

been stated that a and b have no common factors.

This must mean that the initial statement “√2 is a rational number” is false. Hence, by contradiction, √2 
must be an irrational number. 

As shown, Hippasus discovered the most blasphemous truth yet in the Greek mathematics community: √2 is actu-
ally an irrational number! The cult leader of the mathematikoi just debunked the commensurability worldview of 
every scholarly Greek mind at the time, and, more importantly, his fellow Pythagoreans. 

Hippasus could not keep quiet about his secret, and he soon threatened to divulge his secret to the public. The 
Pythagoreans, determined to perpetuate their school of thought, unanimously decided to get rid of Hippasus once 
and for all. In 520 BCE, they dragged poor Hippasus onto a ship, sailed outward to deeper waters, and dumped his 
quivering body into the stormy, frigid waters to drown. Like Galileo, he suffered the consequences for revealing 
a blasphemous secret with the potential to fragment the entire Greek mathematical canon. Nevertheless, mod-
ern-day civilization commemorates Hippasus’ sacrifice for the cause of truth, daring to trek uncharted territory 
and revolutionize western thinking for the better. 
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One of the most commonly (mis-)used mathematical concepts in everyday life is “infinity.” It is usually thrown 
around for hyperbole: think, “that test was, like, infinitely hard.” But what actually is infinity? First off, it is not a 
number in the conventional sense of the word. Rather, infinity is an abstract idea that can be tricky to define pre-
cisely. For now, let’s say that it represents the concept of endlessness and take a look at an example. Perhaps the 
most familiar infinity is the sequence of natural numbers. That is:

For any number k in the sequence S, you can find the next term by simply computing k + 1. We can formalize this 
recursively as:

           for

Our intuition rightly tells us that the terms of S go on forever, and thus S is “infinite.” We can reformulate the 
collection of natural numbers, however, as the set N. Sequences and sets are similar, but in sets repetition is not 
allowed and the order of elements does not matter. 

With the basic idea of a set laid out, let’s examine a key question: how can you compare the sizes, or cardinalities, 
of different sets? The most obvious way to do this is to separately count how many elements are in each set, and 
then compare the resulting values. However, there exists another more fundamental method. To illustrate this, let’s 
construct two sets A = {1, 2, 4} and B = {3, 9, 7}. Of course, we could count the elements in each set and find that 
both have a cardinality of 3. But instead, let’s match each element from A with an element from B.

To every element of A there clearly corresponds one and only one element of B, and vice versa. In other words, we 
were able to match one-to-one the elements of A and B with none left over. If there exists a function (known as a 
bijection) f that performs such a mapping between A and B, then A and B are equivalent – that is, they are of the 
same cardinality

Determining the equivalence of sets with a finite number of elements is trivial, but what if we wanted to compare 
|N| with |Z| (the set of all integers), |Q| (the set of all rational numbers), or even |R| (the set of all real numbers)? 
Fortunately, the method of comparing two sets that we just examined applies to infinite sets as well! Before we 
begin, we must establish two things. First, N is a countably infinite set. This may seem bizarre, since you cannot 
count to the end of an infinite set; rather, the name refers to the fact that you can reach any particular element in 
the set of natural numbers in a finite amount of time. Second, a given infinite set A is countably infinite if there 
exists a bijection f between A and N. Now, let’s try to establish a one-to-one correspondence between N and Z. 
(Note:    means ‘an element of.’)

Georg Cantor’s Counterintuitive 
Theory of Transfinite Numbers

Caleb Clothier
Form VI
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                                                     N:  1  2   3   4   5  6  7      …
                                                                                  
                                                     Z:  0  1  -1   2  -2  3 -3      …

As depicted above, we found a bijection between the set of natural numbers and the set of integers. Thus, the set of 
integers is of the same cardinality as N and is countably infinite. Georg Cantor, the 19th century mathematician be-
hind this work, went a step further, however, and introduced a new “transfinite” cardinal number       (pronounced 
aleph-naught) to describe the number of elements in a countably infinite set. Therefore, we have:

This should not be intuitive whatsoever – after all, Z seems to clearly have more elements than N does. In fact, 
Cantor’s work was so shocking that many well-respected mathematicians at the time utterly rejected it.
 
In addition to the bijection between N and Z, there exist simple bijections establishing that the sets of even and 
odd numbers also are of cardinality     . Determining the cardinality of the set of rational numbers Q (i.e. p/q, with 
p, q    Z), on the other hand, is a bit more involved. A particularly ingenuous way of arranging the rationals that 
simplifies the pairing of each rational number with a natural number is depicted below:

1     -1      →      2      -2      →      3      -3      →      4      -4     ...

1/2   -1/2   2/2   -2/2   3/2   -3/2   4/2   -4/2   … 

                      1/3   -1/3   2/3   -2/3   3/3   -3/3   4/3   -4/3   …
        

1/4   -1/4   2/4   -2/4   3/4   -3/4   4/4   -4/4   … 
  

            N:      1      2         3      4         5      6        7     …

            Q:      1    1/2      -1      2      -1/2  1/3     1/4   …

And thus we have clearly proven that each element of N can be paired with one and only one element of Q, and vice 
versa. Therefore, |Q| is     ! You can confirm the fact that Q is countably infinite by realizing that, if you list through 
rational numbers according to the diagonal pattern specified above, you can indeed reach any particular rational 
number in a finite amount of time. This is quite a remarkable result, and it leads us to wonder whether there exists 
any set with a cardinality greater than    . 

In fact, there is. Georg Cantor was able to prove in two different ways that the set of real numbers R is uncountably 
infinite. In other words, Cantor established the non-denumerability of the continuum. What exactly does this 
mean? If a set is uncountable/non-denumerable, you cannot reach any particular element of the set in a finite 
amount of time. Thus, if the set of real numbers is non-denumerable, then you cannot list all the real numbers be-
tween zero and a given number in a finite amount of time. Cantor’s first argument is fairly complex, but his second 
argument, the renowned “Diagonalization Proof,” is both lucid and powerful. 
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Let’s start by assuming that the interval of real numbers between 0 and 1 can be matched one-to-one with N, and 
then find a contradiction. If such a one-to-one correspondence existed, then certainly the map from each natural 
number to the corresponding real number would look something like this (the decimals are arbitrary):

N         real numbers in (0,1)
    1       x  1  =  0.534520…
    2       x2  =  0.300000…
    3       x3  =  0.314159…
    4       x4  =  0.123456…
    5       x5  =  0.918273…

                        
               n        xn  =  0.a1a2a3a4a5…an… 

               

But what if we defined a new real number b = 0.b1b2b3b4b5…bn…such that the first decimal place of b (b1) is any 
number between 0 and 9 that is different from the first decimal place of x1, and the second decimal place of b (b2) is 
any number between 0 and 9 that is different from the second decimal place of x2, and so on, repeating the pattern. 
In general, choose the nth decimal place of b to be different from the nth decimal place of xn, but not equal to 0 
or 9. (For example, one of many possibilities for the first 5 decimal places of b is 0.48216…) The new number b is 
obviously between 0 and 1, as the decimals 0.0000… and 0.9999… are impossible given our method of choosing 
the digits of b. As a result, b should appear in the right hand column of the figure above, matched with a natural 
number. 
 
So let’s scan through each number on the right hand column of the figure and see if it equals b. Of course x1 does 
not work, since it differs with b at the first decimal place. Nor does x2, since it differs with b at the second decimal 
place. As we run through the list, however, we find that there is no xn which is equal to b –– each number xn differs 
with b at the nth decimal place. Therefore, xn is not represented on the right hand column of the figure. But this 
contradicts our earlier statement that b must appear on the right hand column. Consequently, we must conclude 
that our original assumption – that there exists a bijection between N and the real numbers on the interval (0,1) 
– is false. The set of real numbers between 0 and 1 is uncountably infinite. Additional work can be done to prove 
that more generally, the set of real numbers on any interval is uncountably infinite. The cardinality of the set of real 
numbers, |R|, is equal to a new, bigger transfinite cardinal number which Cantor called     .

References
1. Dunham, William. Journey through Genius: The Great Theorems of Mathematics. New York: Wiley, 
1990. Print.
2. Rao, Satish & Tse, David. Stanford CS70: Discrete Mathematics and Probability Theory – Note 20. 
Web.
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First let’s look at the two equations:

The volume of a sphere can be found by using the formula, V = (4/3)(π)(r)3, and the surface area can be found by 
using the formula, SA = 4π(r)2.

Now if you haven’t learned how to take the derivative of a function 
yet, you might be saying, “Those equations are not equal in any way.” 
Below are the steps on how to take the derivative of specifically this 
function:

Since this function has the form, f(x) = axb, where a and b are con-
stants and x is a variable, you can take the product of a and b to form 
the new constant, and subtract one from the exponent, or b. R is left 
unchanged. Below is what the steps should look like:

When simplified, the function becomes f(x) = 4π(r)2 (the equation for a surface area of a sphere)

After finding this out, the question, “does this work for all three dimensional objects, or is this just a coincidence?”

After looking at the volume of a cube, V = s3, where s is a side length, and taking the derivative: f(x)=3s2, and then 
comparing it to the surface area, SA = 6s2, I realized the rule does not apply (making it a coincidence). So how does 
each equation work? How can we make sense of this coincidence?

For the sphere, when the radius changes, it produces a change in volume of the ball which is equal to the volume 
of a spherical shell of the radius and with the thickness of the change in radius (ΔR). The spherical shell’s volume 
becomes the (surface area of the sphere)*(ΔR). But the quotient of the derivative (the change in ball volume) and 
the change in radius (ΔR), becomes just the (surface area of the sphere).

Side Note: The derivative of the area of a circle is the equation for the perimeter or circumference of a circle.

Sphere Equality: Surface Area 
and Derivative of Volume

Matthew Baumholtz
Form V
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There is a story of the famous mathematician Gauss and adding the numbersfrom 1 to 100. As the story goes 
Gauss seemed to be bored in his primary school math class, and this caused his teacher a great amount of 
vexation. As a punishment Gauss was told to sum all the numbers from 1 to 100, he took a few minutes and 
came up with the answer of 5050. His math teacher, confused as to how he reached that number so quickly, 
added them all up himself only to reach the same number as Gauss but in not so short a time. How did Gauss 
sum up all the numbers so quickly? Let us call S = 1 + 2 + 3 +···+ 100. Now lets write it again except this time 
in reverse. 

S = 1 + 2 + 3 + ... + 100
S = 100 + 99 + 98 + ... + 1

By adding the two together we get, 2S = (1 + 100) + (2 + 99) + (3 + 98) +···+ (100 + 1). As you can see the pairs 
seem to sum up to 101 each. There seems to be 100 such pairs. So, 2S= 100(101). Dividng by two gives us...

S = 50(101) = 5050

This got me curious, can we make a general formula to sum up all of the numbers from 1 to k? If we think 
about this problem the same way as Gauss thought about those sums we can see that if S= 1 + 2 + 3 +···+ k 
then 
2S = k(k + 1). This is becuase there are now k sets of k + 1. This makes our general formula for summing the 
integers from 1 to k,

Another question came up, how do we sum the squares from 12 to k2? I thought that maybe we can get the 
sum of 12 + 22 + 32 + ··· + k2 by using our formula for getting 1 + 2 + 3 +···+ k. I started the the equation12 + 22 

+ 32 + ··· + n2= (1 + 2 + 3 + ··· + n)(x)I started by trying to find a pattern in the value of x as n changed.

12 + 22 = 5 = (1 + 2)(5/3)

12 + 22 + 32 = 14 = (1 + 2 + 3)(7/3)

12 + 22 + 32+ 42 = 30 = (1 + 2 + 3 + 4)(9/3)

A pattern started to develop, x always seemed to be (2k+1)/3. This would put the formula for the sum of 
squares as (k(k+1)(2k+1))/6. With this conjecture I wanted to prove that I was indeed correct. I did a short 
proof by induction by proving the base case, and then proving it for the k + 1 case.

Interesting Series
Aditya Sardesi

Form III
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Proof By Induction
Prove for when k = 1.

Prove for when k = k + 1.

Therefore the sum of squares of 12 to k2 is

Once I started I couldn’t stop my curiousity led me onto what 13 + 23 + 33 +···+ k3 is. I started out much like what I 
did for the sum of sqares, testing numbers and trying to find a pattern. 

13 + 23 = 9 = (1 + 2)2

13+ 23 + 33 = 36 = (1 + 2 + 3)2

13 + 23 + 33 + 43 = 100 = (1 + 2 + 3 + 4)2

Ah, this is interesting! The sum of cubes seems to be the sum of integers whole squared. Again a proof by induction 
can prove the conjecture true. The sum cubes from 13 to k3 is (k(k+1)/2)2.

Proof By Induction
Prove for when k = 1.

Prove for when k = k + 1.

Therefore the sum of the cubes from 13 to k3 is

I wanted to move on and look up a formula that can solve 1p + 2p + 3p +···+ kp and things got too complicated for 
my Algebra II* knowledge.
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I was thinking of some more interesting series to solve and one that often comes up is the sn= 1/2 + 1/4 + 1/8 + 1/16 +···+ 

1/(2n−1) +1/(2n). To sum this series up we can start by multiplying by 2,

We can subtract an Sn from both sides.

As n approaches ∞, Sn approaches 1. Therefore,

What if we take the series 1− 1/2 + 1/4 − 1/8 + 1/16 − ··· ? If we divide the series by 2 we get the two equations,

The terms telescope and will all eventually cancel each other out except for 1. So by adding the two we have 
3/2S = 1. Making

Another series which I found interesting and nontrivial was what does 1 − (x−1) + (x−1)2 − (x−1)3 + ··· . We can 
attack this problem the same way we did the probem above,

Adding the two together gives the following result

Solving shows that

Q.E.D

(Q.E.D. stands for quod erat demonstrandum, the Latin phrase meaning “what was to be demonstrated”, or, less 
formally, “thus it has been demonstrated”)
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Indirect Proofs in Mathematics
Mr. Patrylak, Faculty

Mathematicians use a wide variety of methods to prove conjectures in mathematics. The direct proofs (two-col-
umn justifications) with which every Geometry student is amply familiar is just one such tool – there are many 
others. Among them are two in particular, the subject of the text below. These are, namely, proofs by contradiction 
and proofs by induction. 

A proof by contradiction works by showing that if we were to assume that the conjectured proposition is false, then 
a contradiction results – an impossibility is established. Accordingly, as any proposition that is not false must be 
true, we assert that the original proposition must be true. 

Consider the conjecture: “There are infinitely many prime 
numbers.” This is a true statement. Euclid was the first 
known to have shown it so circa 300 B.C.E.  You can see his 
work in Elements (Book IX, Proposition 20).  If you take the 
time to look up his “proof,” you may notice several points of 
interest. They are the following: 1. In Euclid’s time, the rigor 
of what we call a proof today was far less restrictive; modern 
mathematics would probably call his work a mere “demon-
stration” of the validity of the proposition. 2. Euclid’s origi-
nal demonstration was not derived strictly via contradiction 
(as many even today erroneously claim); however, because 
it contains elements of similar arguments it is often touted 
as being an example of the method, and 3. Finally, Euclid’s 
work was stated a bit differently than the presentation be-
low. What follows is genuinely a proof by contradiction. 

Since Euclid’s proof was propagated, many others have pos-
ited the conjecture and proved it most rigorously. Among 
them was Euler’s, with whose work most Algebra students 
are very familiar – he was the first to use modern function 
notation - f(x), etc.

Conjecture to be proved: There are infinitely many prime 
numbers.

Proof: Let’s suppose that the above is, in fact, false. Thus, we assume that there are only a finite number (r) of 
primes. If this supposition leads to a logical or mathematical contradiction or impossibility, then the opposite must 
be true, i.e. the primes must be infinite. 

Let’s then list all of the prime numbers in order from smallest to the largest: p 1, p2, p3,…, pr. Of course, p1 = 2 and 
p2 = 3 and so on with pr being the largest prime number that exists. As constructed, we have just listed all of the 
primes.  Our next task will be to show that there is at least one additional prime number, i.e. there is prime number 
not on the list above.  Showing that there is at least one more than r primes would be enough of a contradiction 
to make our point, but we will do even better. We will show that the cardinality of the set of all primes is infinite.
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To do this, we calculate the number P = p1 x p2 x p3 x … x pr + 1. We know from basic arithmetic that P must either 
be prime or composite. If P is prime, then the next desired step of our proof is already accomplished. The origi-
nal list contained ostensibly all of the primes…in order from smallest to largest. Certainly, the product of these 
numbers plus 1 is larger than any number in the list and so P, being a prime, could not have been among the ones 
originally contemplated. Thus, it is an additional prime number, which contradicts our supposition that there are 
only r primes. There are at least r +1 primes.

On the other hand, if P is composite, then we need a different argument. Suppose that P is, in fact, composite. 
Then, by definition, some prime number p divides it exactly. Either p is in the original list of primes or it is not. If 
it is not, then we’ve just discovered yet another prime number – a contradiction to our supposition that there are 
only those original r primes. 

If p is in the original list, then it must divide P – 1, since p is a factor of the latter (remember that P – 1 = p1 x p2 x p3 
x … x pr and p is one of these numbers). Given that p divides P – 1 and also P, then (according to number theory) 
it must divide the difference between P – 1 and P or just 1. But we know that there is no prime number that divides 
1, so again, p cannot possibly be in our original list – as it cannot be a prime. Note the logical contradiction! The 
only possibility is that p is not in the original list.  According to the logic in the paragraph just above, we’ve just 
discovered another prime number – a contradiction to our supposition that there are only r primes. In each of 
these cases, there are at least r + 1 primes.

So far we have shown only that there is at least one additional prime that we had not originally contemplated. True, 
but by extension, we have just proved what we set out to do. We can now show that however many primes we may 
have begun with, so long as the list is finite, we can write them out in order and find at least one more. By contin-
ually repeating this process (via inductive reasoning, i.e. of recursion), we can state the validity of our conjecture 
that the number of (cardinality of the) primes is, indeed, infinite. 

Simple enough! The above also depends on understanding the concept of proof by induction. Let’s tackle this next. 
This method works by showing that if a statement is true for an arbitrarily chosen positive integer then it, of neces-
sity, implies that it must also be true for next positive integer and if it the statement is true for 1, then the statement 
must be true for all positive integers. This idea will be made clearer by example below.

Consider the conjecture: “The sum of the first k odd positive integers equals k2.”  Let’s first see if this makes any 
sense. Let’s look at the first 4 odd positive integers and sum them. 1 + 3 + 5 + 7 = 16; it does equal 42. What about 
the sum of the first 7 odd integers? 1 + 3 + 5 + 7 + 9 + 11 + 13 = 49; yes, it does equal the correct sum 72. So, we 
are curious to see if this is true for all sets of the first k odd positive integers. Can we state that 1 + 3 + 5 + 7 + 9 + 
11 + 13 + 15 + (2k – 1) = k2? Note that it is left to the reader to show that 2k – 1 equals the kth odd positive integer! 
Easy enough…. By the way, we have to show that the conjecture is true for the trivial case k = 1. Well, it is, since 1 
= 12.  Thus the “and” part of what we need to prove is easily accomplished.

Conjecture to be proved: The sum of the first k odd positive integers equals k2.  

Proof: Let’s suppose that the sum of the first k odd positive integers equals k2.  That means then that 1 + 3 + 5 + 7 
+ 9 + 11 + 13 + (2k – 1) = k2. We must show that if this statement is true about the sum of the first k odd positive 
integers, then it must be true for the first k + 1 odd positive integers as well. 
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If 1 + 3 + 5 + 7 + 9 + 11 + 13 + (2k – 1) = k2 let’s see what the sum would be if we added the next odd positive integer 
to both sides. The (k + 1)st odd positive integer is 2(k + 1) – 1 or simply 2k + 1. Accordingly, the sum of the first k 
+ 1 odd positive integers must be 1 + 3 + 5 + 7 + 9 + 11 + 13 + (2k – 1) + 2k + 1 which also equals k2 + 2k + 1. Note 
the equality of the bolded text…

However, k2 + 2k + 1 factors as (k + 1)2, which is the desired sum of the first k + 1 odd positive integers. 

Accordingly, we have shown that the truth of the conjecture about the integer k implies necessarily that it is true 
for the integer k + 1 and that it is true for 1. Thus, it must therefore be true for all integers greater than or equal to 
1.  How? Well, if by being true for 1 means it must be true for 2 and, in turn, being true for 2 means it must be true 
for 3, and … well, you get the picture. 

Q.E.D.
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Physics in Finance
Caleb Clothier 

Form VI

It may surprise you that one of every ten students graduating with a bachelor’s degree in physics go into finance. In 
fact, according to the Institute of Physics, finance is the second most popular employment sector for physics ma-
jors one year after graduation (education took the top spot).1 There are countless reasons why physics grads pursue 
such a career path. For starters, their problem solving skills and experience working with complex mathematics 
serves them well in quantitative finance. But the link between physics and finance goes even further than this.

In 1900, Frenchmen Louis Bachelier published his Theory of Speculation, essentially founding the field of math-
ematical finance. In the paper, he proposed a stochastic (i.e., random) process now known as Brownian motion 
to describe the price of stocks and options. Only five years later, Albert Einstein used the very same Brownian 
motion to “explain why pollen grains zig-zag when they are suspended in water,” indirectly proving the existence 
of atoms.2 Just as tiny molecules kick around the pollen grains to cause random motion, many unknown factors 
“kick around” the prices of stocks and options to cause random variation (think of how jagged stock charts are).1 
Now, when a system in physics is comprised of only a few particles, determining how the particles interact with 
each other is fairly simple. When we start to deal with systems of many, many particles, however, we can no longer 
predict the precise motion of each particle. Rather, we must deal with the average properties of the system using 
statistical analysis – for example, temperature is the average kinetic energy of a system of particles. A similar prin-
ciple applies to financial markets. There are just so many factors influencing the prices of assets such as derivatives 
that we must talk about them in probabilistic terms.

Before we examine the Black-Scholes model, let’s take a look at options, the financial assets described by the equa-
tion. There are two basic types of options: calls and puts. A call option is “a financial contract issued by one party 
to another that gives the buyer the right, but not the obligation, to buy the underlying asset for a specific strike 
price at a future date, the maturity date.” The buyer pays the seller a premium for this right. If, when the option 
matures, the strike price is lower than the underlying asset’s market value, then the buyer can exercise the option 
and immediately resell the asset on the open market for a profit. A put option is similar to a call option, but the 
buyer obtains the right to sell, rather than buy, the underlying asset for a specific price. Thus, if the strike price is 
higher than the underlying asset’s market value upon the maturity of the option, the buyer can purchase the asset 
from the open market and consequently exercise the option for a profit. Also, for each kind of option, there are 
two subtypes – American, in which the option may be exercised at any time prior to or at the maturity date, and 
European, in which the option may only be exercised at the maturity date. 

The difficult question of how to price a European option was ultimately solved in 1973 by MIT researchers Fischer 
Black, Myron Scholes, and Robert Merton. Their solution, however, relied on simplifying assumptions that the 
underlying stock was non-dividend-paying, the market was efficient, the risk-free rate and volatility were constant 
and known, and more; many of these conditions simply cannot be met in the modern financial markets. Never-
theless, the so-called “Black-Scholes Model” was a monumental achievement that went on to earn Scholes and 
Merton the Nobel Prize in Economics (Fischer Black passed away before the award was given). Let’s delve a bit 
deeper into the specifics. 
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Imagine a portfolio consisting of only two assets: a “long” position in an option and a “short” position in said op-
tion’s underlying stock. Over short time intervals, the value of a call option is positively correlated with the value 
of the underlying stock itself, while the value of the put option is negatively correlated with the stock value. As a 
result, with some fine-tuning, the portfolio would be “risk-free.” That is, any loss incurred in the short position 
would be balanced by a gain in the long position, and vice versa. Consequently, assuming that there are no arbi-
trage opportunities, the portfolio should earn the interest rate of safe investments such as government bonds. The 
idea that a portfolio could be perfectly hedged using an option and its underlying asset was the crucial insight 
upon which the team of MIT researchers constructed the Black-Scholes model, a partial differential equation 
(PDE). Let V  be the price of the stock option as a function of time t and the price of the underlying stock, S. Ad-
ditionally, r is the risk-free interest rate, and σ is the volatility of the stock (i.e., the standard deviation of the stock’s 
log-return). Then, the Black-Scholes PDE is as follows

We can break this down a bit. First, let the value of a portfolio Π be given by the equation:

In this case, the portfolio consists of one option and –Δ units of the underlying stock (i.e., a long position in one 
option and a short position in Δ units of the underlying stock). If Π were invested in risk-free assets with interest 
rate r, then its return would be rΠ. But if we substitute the derivative of V with respect to S for Δ – a move which 
makes sense, considering that the amount of shorted stock needed to cancel out any gains in the long position 
depends on the connection between the stock price and the option price – the return of the portfolio would simply 
be:

Wait a second… that’s just the right side of the Black-Scholes PDE. The left side of the Black-Scholes PDE simply 
describes the conditions under which a portfolio consisting of an option and its underlying asset are perfectly 
hedged. 

We aren’t quite finished yet – all we have is a PDE, not an easily usable formula. Finding such a formula requires 
making a change-of-variable transformation to simplify the complicated PDE that we have right now (this is pos-
sible because the Black-Scholes PDE is what is called a Cauchy-Euler equation).

When we apply this transformation, the Black-Scholes PDE simplifies to the equation below:
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But this equation is formally equivalent to the heat transfer equation in physics, which describes the distribution of 
heat over time in one spatial dimension (generalized to higher dimensions, the right hand side of the equation is 
the Laplacian of y). Therein lies the golden nugget. Fundamentally, the Black-Scholes PDE is tied to diffusion and 
Brownian motion – a concept rooted in physical phenomena. This is also important to the task at hand because the 
heat transfer equation is analytically solvable. After making some substitutions and rearrangements, we arrive at
the equation below, which gives the predicted premium of a call option given the initial price S of the underlying 
asset, strike price K, maturity date T, risk-free rate r, and the volatility of returns σ of the underlying asset.

One especially interesting feature of the Black-Scholes formula is the integral within the parenthesis, known as the 
standard normal cumulative distribution function. Basically, the function calculates the probability that a random 
variable X will take on a value less than or equal to the input x. Thus, as stated earlier, probability plays a central 
role in determining the price of an option. This equation was huge news on Wall Street. With it, traders could 
simply plug in a few numbers, and out popped the estimated price of a European option (although technically, 
the volatility of the underlying asset cannot be directly observed in the market). As a result, options trading sig-
nificantly increased. Due to its many assumptions, however, the Black-Scholes formula is an approximation with 
inherent limitations: for instance, it breaks down during extreme market movements, which can lead to serious 
consequences. 

For more information, I recommend that you watch Khan Academy’s explanation of the intuition behind the 
Black-Scholes formula (I didn’t have enough space to run through it in this article). Investopedia is another good 
non-math-heavy resource.
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Mathematical equations have been developed that can be applied to a wide range of real world situations. In 
this article, I will discuss the Von Bertalanffy equation, which is used to correlate the length of a fish with its age. 
Throughout their lives, fish will constantly grow but the rate at which they grow diminishes as they get older. After 
acquiring the length of the fish upon birth and the maximum length the fish could obtain in its life, we can derive 
an equation that will correlate the length of the fish with an exact age. 

It is important that fishermen know the age of a fish in order to preserve the various populations. By knowing how 
old a fish is, fishermen can tell whether it has or hasn’t reached its optimal reproductive age. If a fish they catch is 
too young, they must throw it back because that fish has yet to contribute to the overall population with its own 
offspring. Otherwise, they would be reducing the population.

For some fish, there are “year rings,” formed due to changes in season, found on the scales that fisherman can use 
to determine their age. However, these rings can be difficult to see (or frankly not present) on fish that live in more 
tropical areas. Moreover, “daily rings” have been found on some fish. This method takes a lot of attention from 
workers as well as expensive equipment, so this method is possible but inefficient and, thus, not preferred. 

Luckily, a mathematical model exists, which excludes both extensive manpower and expensive tools, that can 
determine the age of a fish using its length. This model was created by a biologist named Ludwig von Bertalanffy 
in 1934. However, the history of this model tracks back to 1920 when Püttin created a basic model that von Ber-
talanffy later used as a foundation for his own. Von Bertalanffy’s model is much more exact; being a biologist, he 
knew individual processes, such as metabolism, that occur constantly and affect the organism’s growth. Also, he 
knew there were many internal and external factors that affect growth. Using his extensive knowledge, von Ber-
talanffy created a logarithmic function that uses the average growth rate of a type of fish to correlate its age and 
length. The following is the function he developed:

In this equation, dx/dt represents how fast the fish is growing at certain ages, L represents the maximum length 
the type of fish will achieve in its life, and k represents the average growth rate of the fish.  To use this equation, 
fishermen need to know the maximum length of fish, the length of fish at birth, and either the average growth rate 
or the average length of the fish at a certain age.

But how can we get the age of a fish using this equation? First, we must break down this equation into something 
we can plug t or x into. To do this, all it takes is a little bit of calculus.

Will McDevitt
Form VI

The von Bertanffly Growth Model
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From here, we can plug in a know value for L, the inital length of the fish, and the length of the fish at a known 
age to get a equation that correlates to the specific type of fish. Let’s give it a try.

 

The Northern Haddock is a widely commercialized fish in the North Atlantic Ocean, but due to overfish-
ing for their quality meat there has been a drop in the population. For this reason, fishermen have changed 
their policy, now only taking fish after the age at which they usually reproduce, around 5 years old. To 
do this, the fishermen use the von Bertalanffy model to determine the age of the fish after measuring the 
length in order to only collect fish of the proper age. The fisherman know that the maximum length a 
North Haddock can reach is 100 cm and the length of its larvae are 0.4 cm. If after 1 year, the Northern 
Haddock grows to 10 cm long, how long is the Northern Haddock at age 5?

When 5 is plugged in for t, we get 40 cm. Therefore, to ensure the longevity of the Northern Haddock 
population, fisherman should only keep Northern Haddock that are over 40 cm long.

 
While this equation appears very accurate, it is not perfect. The von Bertalanffy equation is only an average 
value for what a fish’s length is expected to be at a certain age. Therefore, there will be fish both longer and 
shorter than their expected lengths. This is inevitable because of evolution and genetic mutations which will 
accumulate over time and change their initial and maximum lengths. Even so, the von Bertalanffy is still an 
effective model for evaluating the age of a fish.
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Aspiring Engineers

Trash Can 3000
Third grader Graidey O’Hanlon is pioneering a way to a cleaner future with his new creation, the Trashcan 3000. 
The concept is simple: a robotic trash can that explores every nook and cranny, picking up trash with its robot-
ic arms. Graidey was inspired by his passion to dispose of garbage throughout Haverford. “I saw trash lying on 
ground and wanted to help reduce as much on the ground trash as possible.”
 
Although his robot is only a prototype, his idea has the potential to alleviate one of the world’s emerging catastro-
phes: global pollution. Every year, 9 billion tons of litter ends up in the ocean. So much trash is accumulating that 
large bodies of water have become so polluted that they cannot be fished or swam in. Many people instantly recog-
nize deforestation, dumping commercial waste into rivers, and factory emissions as causes for increased pollution. 
However, experts have identified, among other things, human idleness as one of the main culprits for rising pollu-
tion in cities and ecosystems. Simply the act of dropping trash on the streets or in forests contributes dramatically 
to the destruction of environments and uncleanliness in urban centers; although it may seem like this is a minor 
issue, the effects of millions of people dumping their trash anywhere for convenience accrues to the point when 
these small mishaps erupt into a worldwide nightmare. 

Despite the severity of this dilemma, curious young people like Graidey may hold the ingenuity that will propel 
the world towards a brighter future. The Trashcan 3000, although confined in the school setting now, carries the 
potential to clean cities and ecosystems on a global scale. With just a little more innovation and funding, Graidey’s 
goal of constructing a larger, more efficient Trashcan 3000 may come into fruition. 

So don’t be surprised if you see a garbage bin roaming city streets in the near future.
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Intersection of Math and Physics: Deriving 
Kepler’s Laws of Planetary Motion

José Martinez
Form VI

Ever wonder along what path planets move? It is a question that had been debated for centuries until one of the 
greatest astronomers in human history answered it. Johannes Kepler (1571–1630) was a key figure in the 17th cen-
tury scientific revolution, best known for his laws of planetary motion, based on his works Astronomia nova, Har-
monices Mundi, and Epitome of Copernican Astronomy (works that also provided one of the foundations for Isaac 
Newton’s theory of universal gravitation). Kepler came up with three laws of planetary motion that revolutionized 
the scientific world. His laws state: 

1. The orbit of a planet is an ellipse with the sun at one focus of the ellipse.

2. During equal time intervals, a planet sweeps out equal areas, that is, the 
line from the sun to the planet covers equal areas in equal times.

3. The square of the period of an orbit is proportional to the cube of the 
length of the semimajor axis of the ellipse.

All of them can be derived using calculus. 
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Deriving Kepler’s First Law

The position x of a planet is the product ru of its distance r to the sun times the unit direction u of the planet. Dif-
ferentiating the equation x = ru with respect to time, we get another expression for the velocity:

i. v = (ru) = ru + r u

Moreover, the cross product of two vectors is orthogonal to each, therefore c is orthogonal to both x and v. Hence, 
the position x of a planet at any given time is in the plane orthogonal to the constant vector c. In other words, the 
orbit of the planet—the path x—lies in the plane orthogonal to the constant vector c. Also, it is important to note 
that the cross product of the same vector is equal to zero.

ii. c = x × v
iii. ru × (r u + ru )
iv. r2(u × u ) × rr(u × u)

From Newton’s second law and his law of universal gravitation we get:

v. a =            u

vi. a × c =(           u) × r2(u × u )

vii.          u × (u × u ) 
viii.        (u × u ) × u
ix. a × c =        ((u · u)u - (u · u )u)

And, since u is a unit vector,  u · u = 1. Also, u is orthogonal to u , that is, u · u = 0. So last equation simplifies to:

x. a × c =        u

Also, a × c is the derivative of v × c since c is a constant vector. Therefore:

xi. (v × c)  =         u 
xii. v × c =        u + d
xiii. c2 = ||c||2  = c · c
xiv. (x × v) · c
xv.   x · ( v × c)
xvi. ru · (       u + d) 
xvii.         r + ru · d  
xviii.        r + rdcosθ

Finally, we obtain the equation of an ellipses in polar form, which is:

The discovery that planets move in an elliptical path was revolutionary for Kepler’s time. It had a huge impact 
in different sciences, especially astronomy. And now it will have an impact on you: when you see a drawing of a 
circular planetary orbit, you will be able to correct it. But let us remember that Kepler came up with three laws of 
planetary motion. Want a challenge? Try proving the other two!
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Tesla: Under the Hood
By: Mohid Khan

Form VI

Traditional gear-heads, or car enthusiasts, have always disregarded electric cars for their inability to reach its 
gas-guzzling competitors speeds. Elon Musk set to disprove the notion for the sake of a sustainable future even-
tually leading to the invention of the Tesla, an electric sports car. The sleek, aerodynamic frame mixed with the 
powerful electric engine allows the 2017 Tesla P100D  reaches 60 miles per hour in a quick 2.4 seconds—faster 
than some ferraris, audis, and lamborghinis.

Ten years ago, most would scoff at the notion that an electric car can accelerate quicker the the top-name brand 
sports cars. The Tesla’s electric motor, and the concept of torque, are the main culprit.

An internal-combustion engine, the mechanism which powers the vast majority of vehicles, utilizes a series of 
explosions to push a piston interlocking pieces of metal, which in turn, causes a drive shaft to spin. In order for a 
combustion reaction to occur, the chemical reactants a hydrocarbon (fuel) and and oxygen (extracted from the 
air) which are compressed to push the piston. The internal combustion engine, however, can only produce a single 
speed because the rate of combustions is relatively consistent. If the drive shaft was directly connected to the en-
gine, then you could on drive at one speed. So, how does the internal combustion engine reach the variable speeds? 
There’s a torque band connected to the engine which adjusts for the right amount torque for different situations. 
For example, a gear with more teeth connected to one with less teeth will make the smaller one spin faster, thus 
a greater RPM and greater speed. The inverse, a small gear to a large gear, has more torque so the engine is more 
forceful. A car can mechanically adjust the gear ratio for appropriate situations. For example, the force needed to 
move a stationary car is far greater than a car in motion because of Newton’s first law of inertia. Therefore, cars will 
often shift to a more-speed oriented gear ratio. The problem here is that an internal combustion engine will never 
have its maximum torque available at its max RPM (also its max speed). The inverse relationship between speed 
and torque, however, is what puts internal combustion engines at a disadvantage against the Tesla’s electric motor. 

The electric motor is much simpler as the motor and drive shaft aren’t even connected. The electric motor creates 
an electromagnetic field around the drive shaft which therefore turns it without any contact or loss of energy due 
to friction. An electric motor has an inherent amount of torque that can’t be increased or decreased without alter-
ing the amount of power; therefore, an electric engine has access to all its torque from speed 0. In other words, the 
Tesla can instantaneously have its max amount of torque from the press of the gas.
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Fun Math



Problem: 

Say you are the King of your empire, and you are planning to have a huge feast for your people, 
during which you will serve lots of wine. Your kingdom has 500 large storage tanks, each contain-
ing a very large amount of wine. Unfortunately one day, one your advisors rushes in to tell you 
that one of the tanks has been poisoned. You do not know what tank has been poisoned, but you 
do know that the poison used is very lethal and will kill a person after 23-24 hours, non-inclusive 
(23.0000001 - 23.9999999 hrs). You only have 48 hours until the feast, and you decide to use the 
empire’s death-row prisoners to taste the wine in order to find out which tank was poisoned and 
should be dumped. What is the least number of prisoners required in order to find out the exact 
tank that was poisoned? 

Solution is on the next page ->

A Deadly Game
Bill Wu 

Form VI
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  Solution: 2 prisoners
At first, you may think: get a prisoner for each tank and let each of them have a sip. The tank associated 
with the prisoner who dies is the poisoned tank. Your answer would be 500. But we can do much better 
than that. After all, death-row prisoners are somewhat of a useful asset to the kingdom. What if now we 
factor in the time? A person dies after 23-24 hours (non-inclusive - n.i.) from drinking the poisoned 
wine. There are only 48 hours before the feast. Therefore, in order to make the best use of each prisoner, 
we should try to find how many tanks each prisoner can drink. At the “0th” hour, or time = 0, our pris-
oner drinks from 1 tank. If that were the poisoned tank, he would die at some point between the 23rd 
through 24th hour (n.i.).  But we have 48 hours. So the prisoner would be able to have a maximum of 24 
spare hours of drinking, which means 25 tanks, since at the 0th hour the prisoner drank from the first 
tank (at the 1st hour, he drinks from the 2nd tank; at the 2nd hour, he drinks from the 3rd tank … at the 
24th hour he drinks from the 25th tank). Wait a second...so now we only need 500 / 25 = 20 prisoners 
since each can drink from 25 tanks! Woohoo! We just saved 480 lives! Congratulations. But we’re still 
nowhere near the right answer. Remember, we want the minimum number of prisoners needed. 

Now you’re probably stumped. If we have 20 prisoners, each sipping from a tank of wine at the start of 
every hour from now, for 25 tanks, then how can we possibly make this more efficient? Some of you are 
getting distracted now — but the more intellectual ones among us may have realized that if multiple 
prisoners die drinking from the same tank, then that tank obviously has been poisoned. How is this 
relevant you ask? Ok. Well maybe if we can’t solve this with simple math, how about we turn this into 
a geometry problem? We have 500 tanks of wine. Currently, our best method divides the tanks into 20 
groups of 25. But don’t think of the tanks of wine as one, 500-long line of storage tanks. How about we 
organize the tanks into a rectangle? Specifically, a 20 x 25 rectangle. 

Now we’re cheating a little bit. We got the hint that the answer is below 20 — meaning that each prisoner 
probably has to drink more than 25 drinks. But how will he make it on time before the feast? You have to 
be 100% sure of the poisoned tank by then! This may sound silly but...what if each prisoner drinks from 
ALL 500 tanks?! That’s crazy you say. That accomplishes nothing. Well now let’s use the pointer from 
above: if multiple prisoners die from the same tank, then that tank is poisoned. See where I’m going? If 
not, don’t worry. Let’s also use the rectangle. What if... *drumroll* … a prisoner drinks from exactly 20 
tanks at every hour, for 25 hours? Essentially, he drinks 1 row of the rectangle at the start of every hour, 
for all the rows. If he dies after 37.45 hours (random choice here), then you know that it must be 1 of the 
20 tanks from the batch on the 14th hour (or the 15th row - remember, we started at hour 0). Now may-
be you’re starting to see where this is going. What if we have a 2nd prisoner, drinking from each of the 
columns? 25 tanks in each column at the start of each hour, for 20 hours (for all the columns). If both 
prisoners die after 23 hours, then it must be the first tank. If both die after 29.3 hours, then the poisoned 
tank must be in the 6th row and ALSO the 6th column in the rectangle that we created. That pinpointed 
a tank! Wonderful! We now have all the diagonals in the rectangle — (1,1) (2,2) (3,3) … etc. to (20,20). 
What if prisoner 1 dies after 25 hours and prisoner 2 dies after 32 hours? Then the poisoned tank would 
be in the 3rd row (again, because we started at hour 0), and the 10th column (3,10). We can apply a gen-
eral rule for this: the tank’s row is (the amount of time the 1st prisoner takes to die - 23) + 1, and the col-
umn is (the amount of time the 2nd prisoner takes to die - 23) + 1. And, by using this method, we would 
only need 2 prisoners to find out which tank out of all 500, is poisoned. Math can be fun, trust me. 

For the more math inclined amongst us, try to answer this follow up question: With the exact same 
conditions as above, what is the minimum number of prisoners needed to find the poisoned wine tank if 
there are now 5000 total?
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TI-8Fords: Tips and Tricks for TI-84 
Calculators

Graphing Conic Sections
1. Apps> Conics
2. Choose the conic section you want to graph
3. Fill in necessary information

Finding the Root of Polynomials
1. Apps>PlySmlt2
2. Follow instructions given
3. It will let you plug in coefficients. Do so.
4. Use for imaginary as well
5. Equation solver

Creating a Heart Graph
1. Mode
2. Set mode to parametric
3. Set Xmin as -6,
4. Set Xmax as 6 
5. Set Ymin as -5
6. Set Ymax 3
7. Go to y=
8. In x(t), type in 4sin(t)^3
9. y(t), type in 3cos(t)-1.3cos(2t)-.6cos(3t)-.2cos(4t)
10. Second program
 a. background
 b. Add a background 
11. Second zoom
 a. Axes: go over to “off ”

Inequalz App
1. Graph inequalities!
2. Go to apps>inequalz
3. Move cursor to the desired equation
4. Move left to “Y1”
5. Press enter
6. Choose color press enter
7. Choose which inequality, press enter
8. Choose a graph style, press enter
9. Press graph
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Scott Deck
Form V



Have you ever been to a boring dinner party, and need a go-to ice breaker? This trick is the perfect mix between 
the element of surprise and mathematics. First, we will demonstrate the trick, and later we will reveal the secret 
behind the madness. 

Performer: Hey, do you want to see a magic trick?

Spectator: Sure

P: First, I am going to write a number on a small piece of paper, crumple it up, and then give it to you, but 
don’t look at it.

S: Ok.

P: Then, I will write a four digit number on this paper (1), then you will write one (2), then I will write one 
(3), then you (4), then I (5). Make sure when you write the number, it does not start with nine, and the 
numbers do not repeat.

S: Alright.

P: Now that we have the numbers, you can add them up.

S: Alright, I have my calculator right here.

P: What does it say?

S: It says 24,357.

P: Do you mind opening that small piece of paper?

S: Ok.

S: *Opens Paper*  MIND BLOWN!

Mind Blowing Math Trick
Drew Loughnane and Tyler Zimmer

Form II
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The Trick Revealed: 
Although this trick seems impossible because four random numbers chosen by two different people cannot always 
be equivalent to the same number, it is not. The trick is that in order to make the sum of the five numbers equal the 
one in the scrap paper, the performer needs quick math skills along with a basic understanding of the formation 
of the tricks numbers. These are the steps to performing this math magic trick:

1. The performer must pick a number in the 20,000s, and to be more obscure, the performer should mix up 
the numbers. For example, use 26,239, but not 20,001. 
2. Then, the performer should make the first four digit number equal to the last four of the number on the 
scrap paper. So, if the number on the scrap paper is 26,239, then he would choose 6239.
3. However, before writing the first number, you want to add two to it. You will see how this will be important 
later. After adding two, you should have written 6241.
4. Then ask the spectator to make a number. To make it obscure, they should not start with 9 and have no 
repeating numbers. 
5. Say they write 7,834, then you make your number so that it adds up with their number to get 9,999.  A good 
way to do this is to make each number add up. In this example, you would write 2,165.
6. After doing this one more time, you should have 5 numbers. If done correctly, they will add up to the one 
on the scrap paper. 
7. Feel free to add your own twist to the trick!
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Square Numbers

There are ways to find a square number. For example, for 792 you can simply multiply the number by itself, or you 
can use the formula (a-b)2 = a2 - 2ab + b2. You can do 79 * 79 = 6421. Or (80-1)2 = 802 - 2(80)(1) + 12 = 6400 - 160 + 
1= 6241 But I found another way. For 79, you can simply do 80 * 80, subtracting 80, then subtracting 79. How this 
works? If you see 80 * 79, 80 * 80 is 80 more than 80 * 79. And 80 * 79 is 79 more than 79 * 79. So if you subtract 
79 and 80, you subtract 159. Subtracting 159 from will still get you 6421. And as for adding it is the same concept 
except you add n and n+1 instead of subtracting n and n-1. The bad side of this way is that using the formula (a+b)2 
= a2 + 2ab + b2 may be faster when the number is not 1 away from a multiple of 10.

 Can you calculate these squares using this equation?

1. 312       2. 222

3. 592      4. 792

5. 882     6. 912

Andy  Chen
Form I



Recently, the world record for the Rubik’s cube was reclaimed by speed-cuber Feliks Zemdegs, regarded by many 
to be the best at solving the puzzle. He set the record with an astounding time of 4.73 seconds, edging out the pre-
vious record holder Mats Valk, by a mere one hundredth of a second. 

To provide some perspective, the cube has a daunting 43,252,003,274,489,856,000 different combinations, making 
the probability of accidentally reaching a solution impossible. Ideally, a top speedcuber will solve the puzzle in 40-
60 moves, but the world record is a mere 43 moves. So, how fast do you need to be? In order to make 43 turns in a 
span of 4.737 seconds, you will need to manage a rate of 9.077 turns per second!

Minimizing the number of moves is the only way to become a super-cuber. Otherwise, you will find yourself get-
ting lost in the sheer number of possibilities. Think of it like this: Even if you were as fast as Felix, with a rate of 
9.077 moves per second, it would take you about 13 quadrillion years to make all the possible moves!
Whether you can solve a cube or not, watching Zemdeg get faster and faster is impressive. He has improved on 
his own record seven times and also previously held the record of average time in a solve for 3 by 3 cube. Can you 
figure out how many combinations there are for the smaller cube?  

Even if you are not into solving the Rubik’s cube, you may be interested in knowing a little about it’s history. Orig-
inally called the Magic Cube, It was invented in 1974 by a Hungarian architect named Erno Rubik to help explain 
three-dimensional geometry.  It was never intended to be a toy and although he was the creator,  it took him more 
than a month to solve it the first time.  At that time, Hungary was behind the Iron Curtain, so it took a while for 
the cube to be discovered as a toy.  In 1979, it emerged at a toy fair in Nuremberg.  The cube’s popularity peaked in 
the 1980’s, but is still popular today, primarily because of the speed competitions.  The first competition was held 
in 1982 and the winning time was 22.95 second.  Pretty slow compared to the most recent winning time, but the 
winner’s strategy, called corners first, is still used by cubers today.

Breaking the Cube
Scott Deck and Liam James

V Form
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